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Abstract

Within the HQET, the heavy to light vector meson transitions are system-

atically analyzed to the order of 1/mQ. Besides the four universal functions

at the leading order, there are twenty-two independent universal form fac-

tors at the order of 1/mQ. Both the semileptonic decay B → ρ which is

relevant to the |Vub| extraction, and the penguin induced decay B → K∗

which is important to new physics discovering, depend on these form factors.

Phenomenological implications are discussed.
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There are two main reasons to study the heavy meson to light meson weak transitions. To
extract the Cabibbo–Kobayashi–Maskawa matrix element Vub precisely which has important
implications for CP violation, the exclusive B → ρ(π) ℓ ν decays are suitable channels 1.
Another reason is to investigate the rare B exclusive decays induced by penguin diagrams
which are important for testing the standard model and for discovering new physics. They
are the processes B → K∗γ and B → K(∗)l+l−, respectively. Large number of samples of
the B to light meson processes produced in the current experiments [1] and to be produced
in the near future B factories will make precise measurements available. Thus the main task
is to reduce the theoretical uncertainties in the calculations of the hadronic matrix elements.

In this paper, we focus on the B to light vector decays. The matrix elements responsible
for the decay H → V ℓ ν can be parameterized in terms of four invariant form factors, which
are conventionally defined as

〈V (p, ǫ)| q̄ γµ Q |H(P )〉 = i g(q2) εµνλσ ǫ∗ν (P + p)λ (P − p)σ ,

〈V (p, ǫ)| q̄ γµγ5 Q |H(P )〉 = f(q2) ǫ∗µ + a+(q2) (ǫ∗ · P ) (P + p)µ + a−(q2) (ǫ∗ · P ) (P − p)µ , (1)

where q2 = (P − p)2. The matrix elements for the decays B → K∗γ and B → K∗l+l− are
parameterized by the following three invariant form factors,

〈V (p, ǫ)| q̄ σµν Q |H(P )〉 = g+ εµνλσ ǫ∗λ (P + p)σ + g− εµνλσ ǫ∗λ (P − p)σ

+ h εµνλσ (P + p)λ (P − p)σ (ǫ∗ · P ) ,

〈V (p, ǫ)| q̄ σµνγ5 Q |H(P )〉 = i g+ [ǫ∗ν (P + p)µ − ǫ∗µ (P + p)ν ]

+ i g− [ǫ∗ν (P − p)µ − ǫ∗µ (P − p)ν ]

+ i h [(P + p)ν (P − p)µ − (P + p)µ (P − p)ν ] (ǫ
∗ · P ) . (2)

Here the second relation is obtained from the first one using σµν = i
2
εµνλσ σλσ γ5.

We use the heavy quark effective theory (HQET) [2] to study these form factors to the
order of 1/mQ. The HQET provides a clear physical description for the hadrons containing a
single heavy quark. It has been successfully applied to the analysis of the B → D(∗) decays.
It has been also used for the heavy to light meson exclusive weak decays [3]. In this latter
case, the form factors have no normalization point. The heavy quark symmetry (HQS) does
not simplify the analysis significantly. Nevertheless, the relations between various heavy to
light meson transitions can be found by the HQS. At the order of 1/mQ many form factors are
introduced. However, they are universal for all the heavy to light transitions. The systematic
nature of the heavy quark expansion means uncertainties are easier to identify and estimate.
Furthermore the analysis based on HQET is model-independent. It is therefore meaningful
to consider the 1/mQ corrections to the heavy to light meson transitions, in addition to the
leading order results. They are also practically important for the analysis of the D → ρ , K∗

weak decays. For the heavy to light pseudo-scalar weak decays, the 1/mQ corrections have
been considered in Ref. [4]. We will calculate the 1/mQ corrections to the heavy to light
vector meson transitions.

1An alternative way for the |Vub| extraction is from the inclusive B → Xu decays.
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Let us make a brief review of the HQET. In the heavy quark limit, the velocity of the
heavy quark Q, v, is a well defined quantity and the heavy quark field can be represented
by the velocity-dependent field,

hv(x) = exp(imQ v ·x) P+ Q(x) , (3)

where P+ =
1+/v
2

. The effective Lagrangian is

L0
eff = h̄v iv ·D hv , (4)

where the gauge-covariant derivative generates the residual momentum. To the 1/mQ or-
der [2,5], the relation between Q and hv is obtained by treating 1/mQ as perturbation,

Q(x) = exp(−imQ v ·x) (1 +
i /D⊥

2mQ

)hv(x) , (5)

where Dµ
⊥ = Dµ − vµ v · D, and hv satisfies exactly the equation of motion i v · D hv = 0.

The effective Lagrangian becomes,

Leff = L0
eff +

1

2mQ

[
Okin + Omag

]
+O(1/m2

Q) , (6)

where

Okin = h̄v (iD)2hv , Omag =
gs

2
h̄v σµνG

µνhv . (7)

Okin describes the kinetic energy of the heavy quark in the hadron, and Omag the heavy
quark chromomagnetic energy.

To study the hadronic matrix elements in the HQET, the form factors are considered as
functions of the kinematic variable

v · p =
m2

H + m2
V − q2

2mH

. (8)

Accordingly, Eqs. (1) and (2) can be re-expressed as

〈V (p, ǫ)| q̄ γµ hv |H(v)〉 = 2i g̃(v · p) εµνλσ ǫ∗ν p̂λ vσ ,

〈V (p, ǫ)| q̄ γµγ5 hv |H(v)〉 = 2
[
f̃(v · p) ǫ∗µ + ã1(v · p) (ǫ∗ · v) p̂µ + ã2(v · p) (ǫ∗ · v) vµ

]
, (9)

and

〈V (p, ǫ)| q̄ σµν Q |H(v)〉 = 2
[
g̃v εµνλσ ǫ∗λ vσ + g̃p εµνλσ ǫ∗λ p̂σ + h̃ εµνλσ vλ p̂σ (ǫ∗ · v)

]
,

〈V (p, ǫ)| q̄ σµνγ5 Q |H(v)〉 = 2
{
i g̃′

v [ǫ∗ν vµ − ǫ∗µ vν ] + i g̃′
p [ǫ∗ν p̂µ − ǫ∗µ p̂ν ]

+i h̃′ [vν p̂µ − vµ p̂ν ] (ǫ
∗ · v)

}
, (10)

where the dimensionless variable is

p̂µ =
pµ

v · p
, v · p̂ = 1 , (11)
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so that all of the form factors have the same dimension. It is convenient to work in the matrix
representation of the hadrons [6]. These wave functions are only dependent on the HQS and
their Lorentz transformation properties. The ground-state pseudo-scalar and vector heavy
mesons are described by

M(v) =
1 + /v

2

{
−γ5 , pseudoscalar meson;
/ǫ , vector meson with polarization vector ǫµ .

(12)

Based on the symmetry and the Feynman rules of the HQET, one can express the hadronic
matrix element by evaluating some trace over the above wave functions. At the leading
order of 1/mQ, the matrix element of the relevant current q̄Γhv can be written as

〈V (p, ǫ)| q̄ Γ hv |H(v)〉 = −Tr
{
ΩL(v, p) ΓM(v)

}
, (13)

where the matrix ΩL(v, p) transforms as a Lorentz scalar as functions of v · p. And it has
linear dependence on the polarization of the meson V . Considering M(v) /v = −M(v), the
general form for ΩL is

ΩL = L1/ǫ
∗ + L2v · ǫ

∗ + [L3/ǫ
∗ + L4v · ǫ

∗] /̂p , (14)

where the universal functions Li (i = 1 ∼ 4) depend on the kinematic variable v · p, but not
on the heavy quark mass mQ.

The power corrections proportional to 1/mQ result from both the effective currents and
the effective Lagrangian of the HQET. We first consider the corrections coming from the
expansion of the currents. Weak current of the heavy-to-light transition in the effective
theory can be expanded as,

q̄ΓQ = q̄Γ(1 +
i /D⊥

2mQ

)hv(x) . (15)

In the same manner as shown in leading order, one can find that the matrix elements of
the operators containing a covariant derivative which acts on the heavy quark field have the
formal structure,

〈V (p, ǫ)| q̄ Γ i Dµhv |M(v)〉 = −Tr
{
Ωµ

D(v, p)ΓM(v)
}

. (16)

The matrix Ωµ
D(v, p) also contains some universal functions depending only on the variable

v · p , and transforms as a vector. The generic structure of Ωµ
D is

Ωµ
D = (D1 vµ + D2 p̂µ + D3 γµ) /ǫ∗ + (D4 vµ + D5 p̂µ + D6 γµ) (v · ǫ∗)

+(D7 vµ + D8 p̂µ + D9 γµ) /ǫ∗/̂p + (D10 vµ + D11 p̂µ + D12 γµ) (v · ǫ∗) /̂p

+(D13 + D14 /̂p) ǫ∗µ . (17)

The functions Di are functions of v · p. Not all of these fourteen universal functions are
independent. Using equation of motion of the heavy quark, iv ·D hv = 0, we can easily
obtain
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D1 + D2 −D3 = 0 ,

D4 + D5 −D6 + D13 = 0 ,

D7 + D8 −D9 = 0 ,

D10 + D11 −D12 + D14 = 0 . (18)

Furthermore, using the following relations,

i∂µ(q̄ Γ hv) = q̄ Γ (iDµ) hv + iq̄ (
←−
Dµ) Γ hv , (19)

and

〈V (p, ǫ)| i∂µ(q̄ Γ hv) |H(v)〉 = (Λ̄ vµ − pµ) 〈V (p, ǫ)| q̄ Γ hv |H(v)〉 , (20)

where Λ̄ = mM − mQ denotes the finite mass difference between a heavy meson and the
heavy quark in the infinite quark mass limit, and equation of motion for the light quark
field, i /D q = 0, we can obtain

Tr
{
Ωµ

D(v, p) γµ Γ′M(v)
}

= (Λ̄vµ − pµ) Tr
{
ΩL(v, p) γµ Γ′M(v)

}
, (21)

where we have substituted Γ by γµ Γ′. It yields,

D1 − 2D3 + 2D7 + p̂2D8 + D13 = −Λ̄L1 − (2Λ̄− v · p p̂2)L3 ,

2D2 −D4 + 4D6 + 2D10 + p̂2D11 = Λ̄(L2 − 2L1)− (2Λ̄− v · p p̂2) L4 ,

D2 −D7 −D14 = Λ̄L3 + v · p L1 ,

D5 − 2D7 + D10 − 2D12 = Λ̄(2L3 − L4) + v · pL2 . (22)

The relations, Eqs. (18) and (22), imply that only six of the fourteen universal functions are
independent. Note that the light quarks have been taken to be massless. This reduces the
number of HQET operators appearing in the expansion of QCD currents.

The corrections to the effective states should be included. The 1/mQ terms in the effective
lagrangian are treated as perturbation, hv is still defined by Eq. (4) at the subleading order of
the heavy quark expansion. Therefore the effective states of Eq. (12) are not the eigenstates
of the operators Okin and Omag. The corrections to the effective states can be accounted for
by including time-ordered products in which Okin or Omag is inserted into matrix elements
of the leading-order currents. By using the Feynman rules in HQET, one can obtain

〈V (p, ǫ)| i
∫

dy T
{
q̄ Γ hv(0), Okin(y) + Omag(y)

}
|H(v)〉

= −Tr
{
ΩK(v, p) ΓM(v) + Ωαβ

G (v, p) Γ
1 + /v

2
σαβM(v)

}
, (23)

where the properties of matrix ΩK(v, p) are very similar to matrix ΩL, and the matrix
Ωαβ

G (v, p) also has the similar properties except it must transform as a tensor. They can be
described in terms of sixteen additional universal functions Si(v · p) as follows:

ΩK = S1 /ǫ∗ + S2(v · ǫ
∗) + [ S3 /ǫ∗ + S4(v · ǫ

∗) ] /̂p ,

Ωαβ
G = (iS5p̂

αγβ + S6σ
αβ) /ǫ∗ + (iS7p̂

αγβ + S8σ
αβ)(v · ǫ∗) + (iS9p̂

αγβ + S10σ
αβ) /ǫ∗ /̂p

+(iS11p̂
αγβ + S12σ

αβ) /̂p (v · ǫ∗) + (iS13γ
αǫ∗β + iS14γ

αǫ∗β /̂p)

+(iS15ǫ
∗αp̂β + iS16ǫ

∗αp̂β /̂p) . (24)
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To get the independent universal functions in Ωαβ
G , let us consider the following matrix

element of the time-ordered operator products [7],

〈V (p, ǫ)| i
∫

dy T
{
q̄ Γ hv(0),

i

2
gsh̄vΓ1 Gαβhv

}
|H(v)〉 = −Tr

{
Ω̄αβ

G (v, p) Γ
1 + /v

2
Γ1M(v)

}
, (25)

where Γ1 is any fixed Dirac matrix, and

Ω̄αβ
G =

1

2

[
(iS5p̂

[αγβ] + 2S6σ
αβ) /ǫ∗ + (iS7p̂

[αγβ] + 2S8σ
αβ)(v · ǫ∗) + (iS9p̂

[αγβ] + 2S10σ
αβ) /ǫ∗ /̂p

+(iS11p̂
[αγβ] + 2S12σ

αβ) /̂p (v · ǫ∗) + (iS13γ
[αǫ∗β] + iS14γ

[αǫ∗β] /̂p)

+(iS15ǫ
∗[αp̂β] + iS16ǫ

∗[αp̂β] /̂p) + (iS17ǫ
∗[αvβ] + iS18ǫ

∗[αvβ] /̂p)

+(iS19p̂
[αvβ] /ǫ∗ + i S20p̂

[αvβ] /ǫ∗ /̂p) + (iS21p̂
[αvβ] + i S22p̂

[αvβ] /̂p)(v · ǫ∗)

+(iS23γ
[αvβ] /ǫ∗ + iS24γ

[αvβ] /ǫ∗ /̂p) + (iS25γ
[αvβ] + iS26γ

[αvβ] /̂p)(v · ǫ∗)
]
, (26)

with [α, β] being the anti-symmetric index. Note that igsG
αβ = [ iDα, iDβ ], and

− h̄v Γ1 Dα Dβ hv = −∂α(h̄v Γ1 Dβ hv) + h̄v

←−
Dα Γ1 Dβ hv . (27)

After the integration over x, the total divergence term can be neglected. Consequently,
using the equation of motion of heavy quark i v ·D hv = 0 , one finds that

vβTr
{

Ω̄αβ
G (v, p) Γ

1 + /v

2
Γ1M(v)

}
= 0 . (28)

This means vβΩ̄αβ
G = 0 which yields,

S5 = S19, 2S6 = S19 − S23, S7 + S15 = S21,

2S8 = S17 + S21 − S25, S9 = S20, 2S10 = −S24, S11 + S16 = S22,

2S12 = S18 + S22 − S26, S13 + S15 = −S17, S14 + S16 = −S18 . (29)

Therefore, all of the twelve universal functions Si (i = 5 ∼ 16) are independent.
Until now all the independent universal functions for heavy meson to light vector meson

transitions are obtained, four at leading order, twenty-two at next-to-leading order. Note
that even to the order of 1/mQ, the form factors in B → ρ semileptonic decay and that in
B → K∗ rare decays are connected.

By evaluating the traces, we get the relevant form factors to the order of 1/mQ in terms
of the universal functions:

g̃ = −L3 +
1

2mQ

(
D2 −D7 − 2D9 −D14 − S3 − 2S5 + 2S9 − 6S10 − 2S14 + S15 − S16

)
,

f̃ = −(L1 + L3) +
1

2mQ

(
−D1 −D2 + 4D3 −D7 − p̂2D8 − 2D9 + D13 −D14

−S1 − S3 − 6S6 + (1− p̂2)S9 − 6S10 − 2S13 − 2S14 + (p̂2 − 1)S16

)
,

ã2 = L2 +
1

2mQ

(
D4 + 2D6 + p̂2D11 + S2 − 2S7 + 6S8 − 2p̂2S11 + 2S13 − p̂2S16

)
,

ã1 = (L3 − L4) +
1

2mQ

(
−D2 + D5 + D7 + 2D9 −D10 − 2D11 + 4D12 −D14

S3 − S4 + 2S5 + 2S7 − 2S9 + 6S10 + 2S11 − 6S12 + S16

)
, (30)
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and

g̃v = L1 +
1

2mQ

(
D1 + 2D2 − 3p̂2D8 + D13 + S1 − S5 + 6S6 + 5p̂2S9 + 2S13 + S14 − S15 + 3S16

)
,

g̃p = L3 +
1

2mQ

(
D2 + D7 − 4D9 −D14 + S3 + 3S5 + S9 + 6S10 + 3S14 + S15 + S16

)
,

h̃ = L4 +
1

2mQ

(
D5 + D10 + 2D12 + S4 − S5 − 2S7 − 2S11 + 6S12 + S14 + S15

)
,

g̃′
v = L1 +

1

2mQ

(
D1 + 2D2 − p̂2D8 + D13 + S1 − 2S5 + 6S6 + 2p̂2S9 + 3S13 + S15 − p̂2S16

)
,

g̃′
p = L3 +

1

2mQ

(
D2 + D7 + 2D8 − 4D9 −D14 + S3 + 2S5 − 2S9 + 6S10 + 2S14 − S15 + S16

)
,

h̃′ = L4 +
1

2mQ

(
D5 + D10 + 2D12 + S4 − 2S7 − 2S11 + 6S12 + 2S14 − S15

)
. (31)

In summary, within the HQET, we have systematically analyzed the heavy to light vector
meson transitions to the order of 1/mQ. Besides the four universal functions at the leading
order, there are twenty-two independent universal form factors at the order of 1/mQ. Both
the semileptonic decay B → ρ which is relevant to the |Vub| extraction, and the penguin
induced decay B → K∗ which is important to new physics discovering, depend on these
form factors. Once they are given, we can use them to calculate all kinds of decays involving
such transitions to a good precision.

Some model-independent observations can be made. Consider the decay B → ρ ℓ ν, the
decay rate will be largely simplified if we work at the zero recoil point of ρ meson. Only |f̃ |2

has non-vanishing contribution. So we have

dΓ(B → ρ ℓ ν̄ℓ)

d(v · p)

∣∣∣∣∣
v·p∼mρ

=
G2

F |Vub|
2

24 π3

√
(v · p)2 −m2

ρ ·
Q(v · p)−m2

l

Q(v · p)

×
{[
− (L1 + L3) +

1

2mb

(
2(D1 −D8 + D13) + (Λ̄ + v · p)L1 + (3Λ̄− v · p p̂2)L3

−S1 − S3 − 6S6 + (1− p̂2)S9 − 6S10 − 2S13 − 2S14 + (p̂2 − 1)S16

) ]2

×
[

m2
B

m2
ρ

(
(v · p)−

m2
ρ

mB

)2(
1−

m4
l

Q2(v · p)

)
− 2

(
Q(v · p)−m2

l

) ] }
, (32)

where Q(v · p) = m2
B + m2

ρ − 2mB(v · p). Only thirteen universal functions are needed to
determine the decay rate at zero recoil point. We may also include the flavor changing
neutral current decays, such as B → K∗γ and B → K∗ℓ ℓ̄ to get some information of the
unknown universal functions appeared at the order of 1/mQ.

The 1/mQ corrections are more important for the decays D → K∗ and D → ρ. The
information of the 1/mQ corrections can be drawn through the following way. First, from the
B → ρ decay, neglecting the 1/mb effect, we can get certain result for the leading order heavy
quark expansion through comparing with the experimental data. Then input this knowledge
to the D → K∗(ρ) decays, while keeping the 1/mc corrections, the information of the 1/mQ

correction to the decay can be obtained with an uncertainty subject to mc/mb ∼ 30%.
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To obtain more detailed results of the decays, the knowledge about the universal form
factors themselves are needed. While the HQS simplifies the analysis, it does not predict the
v · p dependence of the universal functions. This dependence must be determined separately
by using nonperturbative techniques, such as QCD sum rules or lattice simulation, which
are the next important steps to obtain quantitative results.
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