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Abstract

The m asses ofexcited heavy m esons are studied with sum rules in the

heavy quark e�ectivetheory.A setofinterpolating currentscreating (anni-

hilating)excited heavy m esonswith arbitrary spin and parity areproposed

and theirpropertiesarediscussed.Num ericalresultsattheleading orderof

the O (1=m Q )expansion are obtained forthe lowest doublets(0+ ;1+ )and

(1+ ;2+ ).
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Propertiesofexcited heavy m esonscom posed ofa heavy quark and a lightanti-quark

are ofinterest for severalreasons. Som e ofthese excited states have been observed in

experim ents.They willbeobjectsoffurtherstudy in futureexperim entswith B-factories.

In particular,they are usefulfortagging in CP experim ents [1]. Theoretically,the rela-

tive sim plicity ofthe dynam icalcondition m akesitofinterestforexploring the internal

dynam icsofsystem scontaining a lightquark.

The1=m Q expansionsareusefulforsuch system s(m Q istheheavy quark m ass).The

heavy quark e�ective theory (HQET)[2]isa powerfultool.However,forobtaining som e

detailed predictionsone needsto com bine itwith som e non-perturbative m ethods. The

spectra and decay widthsofheavy m eson excited stateshavebeen studied with the1=m Q

expansion in the relativistic Bethe-Salpeterequationsin [3,4]. They can also be studied

with the QCD sum rules in HQET which have been used for ground states ofheavy

m esons[5,6].

As a �rst step,in the present article we shalluse the QCD sum rules in HQET to

obtain the m asses oflowest heavy m eson doublets (0+ ;1+ ) and (1+ ;2+ ). These states

have been studied with the sum rulesin the fullQCD in the literature [7]. W e shallsee

in thefollowing thatusing theHQET hassom eadvantageforsuch problem s.

In [8]itwasshown thatiftheinteraction kernelcontainsonly 
� and I on the heavy

quark line,solutions ofthe Bethe-Salpeter equation for heavy m esons ofarbitrary spin

and de�nite parity consistoftwo seriesofdegenerate spin doubletsin the in�nity quark

m asslim itm Q ! 1 .Thewavefunctions�jP i,wherej,P arespin and parity and i= 1;2

forthesetwo seriesofstates,havethefollowing m ostgeneralform

�j;(�1) j+ 1;1(x;u)= e
im B v�x
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and

�j+ 1;(�1) j;2(x;u)= e
im B v�x
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�j;(�1) j;2(x;u)= e
im B v�x

s

2j+ 1

2j+ 2

1+ 6v

2
��1����j(�i)

j @

@ut�2
� � �

@

@ut�j

� (
@

@ut�1
�

j

2j+ 1


�1
t

6@

@ut
)(	 1j + i

6@

@ut
	 2j): (2b)

In the above form ulas,m B isthe m eson m ass,x isthe coordinate ofthe heavy quark,u

isthe coordinate ofthe lightanti-quark relative to the heavy quark,v isthe velocity of

the heavy m eson,ul = v� u,ut� = u� � ulv�,
t� = 
�� 6vv�,��1����j isthe transverse,

sym m etricand tracelesspolarization tensor.Finally,�i and 	 i areinvariantfunctionsof

u2t and ul.

Theassum ptionsused to obtain these resultscan beslightly generalized com pared to

thatexplicitly written down in [8]. W e only need to assum e thatin the m Q ! 1 lim it

thekernelisoftheform

G(P;p;p0)= I
 �U S(P;p;p
0)+ 


�

 �� UV (P;p;p

0) (3)

where P isthe totalm om entum ,p and p0 are the relative m om enta ofthe quarksin the

initialand �nalstate respectively,� and � � are arbitrary functions ofm om enta and 


m atrices for the light quark which transform as a scalar and a vector respectively,US

and UV are arbitrary invariant functions ofm om enta. Instead ofthe free propagator,

the generalform can beused forquark propagatorsappearing in the B-S equation.The

calculationsleadingtoaboveresultsonly need tobeslightly changed forthisgeneralcase.

Therestriction to I and 
� in (3)fortheheavy quark isequivalentto thattheinteraction

isindependentoftheheavy quark spin in thelim itm Q ! 1 .Thisissatis�ed by QCD.1

Besidesthis,the interaction kernelism ostgeneral. The B-S wave function isnotgauge

invariantso thatfunctions�i and 	 i aregaugedependent.However,thegeneralform of

(1)and (2)isthesam eforany gauge.Physically,each doublethasade�nitevalueforthe

totalspin ofthe lightcom ponent.Exceptforthestates0� and 0+ ,foreach statein the

series(1)thereisastatewith thesam ej,P in theseries(2).They correspond todi�erent

values ofjl= j+
1

2
and j�

1

2
. In the following we shallswitch between the indices i

and jl.Thispattern isin agreem entwith the heavy quark sym m etry. The above results

are m odelindependent consequences ofthe heavy quark sym m etry. The B-S equation,

1In Q CD theelem entary interaction vertex ofthequark with thegluon is
�,theheavy quark

propagatoris
1

v�k

1+ 6v

2
in them Q ! 1 lim it.Using

1+ 6v

2

�
1+ 6v

2
= v�

1+ 6v

2
,thecontribution

ofany Feynm an diagram to theB-S kernelcan bereduced to theform (3)afterintegrating out

the internalm om entum ofthediagram .
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being Lorentzcovariant,only servesasa convenienttoolfor�nding theform ofthewave

function ofthe state with de�nite values for the angular m om enta j,jl and the parity

P. For related results,see [9,10]. The authors ofthese latter works used directly the

transform ation properties ofthe wave function ofa com posite system with the angular

m om enta j and jl.[10]containsresultssim ilarto ours,though the authordid notdeal

exactly with the B-S wave function. Thisagain im pliesthatourresultson the form sof

theB-S wave functionsin them Q ! 1 lim itarem odelindependent.

The relations between B-S wave functions and the m atrix elem ents ofthe currents

m aketheaboveresultsusefulforconstructing theappropriateinterpolating currentsand

deriving their properties. The wave function �jP i in (1) and (2) can be written in the

form

�j;P;i= e
im B v�x

1+ 6v

2
��1����j�

�1����j

j;P;i (
@

@ut
)

 

f1(u
2

t;ul)+ i
6@

@ut
f2(u

2

t;ul)

!

: (4)

W eproposeto use

J
y�1����j

j;P;i (x)= �hv(x)�
f�1����jg

j;P;i (D xt)q(x); (5a)

or

J
0y�1����j

j;P;i (x)= �hv(x)�
f�1����jg

j;P;i (D xt)(�i)6D xtq(x); (5b)

as the interpolating current which creates the corresponding heavy m eson, where

hv(x)= e
im B v�x

1+ 6v

2
Q(x)istheheavy quark �eld in HQET and Q(x)isthatin fullQCD,

D xt isthecovariantderivative
@

@xt
� igA t(x)and

�f�1����jg(D xt)= Sym m etrize

�

��1����j(D xt)�
1

3
g
�1�2
t g

t

�
0

1
�
0

2

��
0

1
�
0

2
�3����j(D xt)

�

with g
�1�2
t = g�1�2 � v�1v�2.

Thecurrentsherm itian conjugateto (5a)and (5b)

J
�1����j

j;P;i (x)= �q(x)��
f�1����jg

j;P;i (
 

D xt)hv(x) ; (6a)

J
0�1����j

j;P;i (x)= �q(x)(i
 

6D xt
)��

f�1����jg

j;P;i (
 

D xt)hv(x) ; (6b)

where �� = 
0�y
0,annihilate the sam e m eson. The currentsde�ned in (5)and (6)have

niceproperties.Letjj;P;iibetheheavy m eson statewith thequantum num bersj,P,i

in them Q ! 1 lim it.W ehave
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h0jJ
�1����j

j;P;i (0)jj0;P 0
;i
0
i= fP jl�jj0�P P 0�ii0�

�1����j ; (7)

wherefjP i= fP jl hasthesam evalueforthetwo statesin thesam edoublet.Theform ula

(7) can be veri�ed as the following. W ithout loss ofgenerality we can choose a gauge

satisfying A �(x0) = 0. In such a gauge,it follows from the de�nition ofthe B-S wave

function �j;P;i(x;u)= h0jT (Q(x)�q(x + u))jj;P;iithatfora currentin (6a)

h0jJ
�1����j

j;P;i (x0)jj
0
;P

0
;i
0
i= �tr

�

�j0;P 0;i0(0;u)��
f�1����jg

j;P;i (
 

@ut)

�

u= 0

e
i��v�x 0

= �tr

(

��
f�1����jg

j;P;i (@ut)
1+ 6v

2
�
�1����j0

j0;P 0;i0(@ut)
h

f1(u
2

t;ul)+ i6@utf2(u
2

t;ul)
i
)

u= 0

��1����j0e
i��v�x 0 ; (8)

where ��= m h � m Q .Using theform sof� in (1)and (2)and therelationsofthetype

@

@ut�1
� � �

@

@ut�2l+ 1

f(u2t;ul)jut= 0 = 0; (9a)

S

 

@

@ut�1
� � �

@

@ut�j

!  

@

@ut�1
� � �

@

@ut�j

!

f(u2t;ul)jut= 0

=
@jf

(@u2t)
j
2jj!S g

�1�1
t � � � g

�j�j
t �jj0jut= 0 ; (9b)

where S denotes sym m etrization and subtracting the trace term s in the sets (�1� � � �j)

and (�1� � � �j0),(7)can be obtained from (8). Only the term f1 contributes to fP jl. If

instead ofJ we use J0 in (6b),the calculation isalm ostthe sam e,exceptthatnow only

thef2 term contributesto fP jl.

Using theequation ofm otion forthelightquark i6D q= 0and thatfortheheavy quark

in HQET iv� D hv = 0,onecan obtain therelation

f
0
jP i= (�1)i+ 1��jP ifjP i (10)

between thecoupling constantsforthecurrentwith theextra factori6D and thatwithout

it.

Sim ilarly,calculated with the quark and gluon �eldsin the m Q ! 1 lim itthe corre-

lation functionsofJj;P;i and J
y

j0;P 0;i0 satisfy

ih0jT

�

J
�1����j

j;P;i (x)J
y�1����j0

j0;P 0;i0 (0)

�

j0i= �jj0�P P 0�ii0(�1)
j
S g

�1�1
t � � � g

�j�j
t

�

Z

dt�(x� vt)�P;jl(x); (11)
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where� P;jl
isthesam efunction forthetwo statesin thesam edoublet.Forverifying (11)

weusetheSchwingergauge

x
�
A � = 0: (12)

Theheavy quark propagatorin HQET is

ih0jT
�

hv(x)�hv(0)
�

j0i=
1+ 6v

2

Z

dt�
4(x � vt): (13)

Theleading orderLagrangian in HQET isL0 = i�hvv� D hv.Thereforein gauge(12)there

isno gluon lineterm inating on theheavy quark line.W ethusobtain

ih0jT
�

Jj;P;i(x)J
y

j0;P 0;i0(0)
�

j0i= �i

Z

dt�
4(x � vt)h0jT

(

tr(color)tr

"

1+ 6v

2

��j0;P 0;i0(D yt)q(y)�q(x)��j;P;i(
 

D xt)

��

y= 0;x= vt

: (14)

Using therelation

@xt�1 � � � @xt�j@yt�1 � � � @yt�j0
tr(color)

�

q(y)�q(x)exp

�

ig

Z x

y

dz
�
A �

��

y= 0;x= vt

= tr(color)

�

D yt�1 � � � Dyt�j0
q(y)�q(x)

 

D xt�1 � � �
 

D xt�j

�

y= 0;x= vt

;

in thegauge(12),onecan rewrite(14)in theform

ih0jT
�

Jj;P;i(x)J
y

j0;P 0;i0(0)
�

j0i= �i

Z

dt�
4(x� vt)trf�j0;P 0;i0

�(@yt)S(y;x)
��j;P;i(

 

@xt)
1+ 6v

2

)

y= 0;x= vt

; (15)

where

S(y;x)= tr(color)h0jT

�

q(y)�q(x)exp

�

ig

Z
x

y

dz
�
A �

��

j0i: (16)

From Lorentz and translation invariance for gauge invariant quantities,S(y;x)has the

generalform

S(y;x)
1+ 6v

2
=

h

S1((y� x)2t;yl� xl)+ i6@xtS2((y� x)2t;yl� xl)
i1+ 6v

2
: (17)

Substituting (17)into (15)bringsitinto a form alm ostidenticalto ther:h:s:of(8).The

form ula (11)then followsaftersim ilarcalculations.
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(7)and (11)im ply thattwo currentsin thesets(5a)and (5b)with notidenticalvalues

ofj,P,ineverm ix in them Q ! 1 lim iteitherin theheavy m eson orin thequark-gluon

leveland heavy quark sym m etry isexplicit with these currents. This veri�es thatthey

are the appropriate interpolating currentsforheavy m eson stateswith de�nite j,P and

thelightquark m om entum jl which areconserved in QCD in m Q ! 1 lim it.

The propertiesforcurrents m entioned above are im portantforapplicationsto QCD

sum rules for excited heavy m esons. Ifone use other currents or study the sum rules

in fullQCD,there are in generalcontributions from two nearby polescorresponding to

statesofthesam ej,P.Theircontributionsm ay notbeseparated correctly.Furtherm ore,

them ixing ofsuch two statescan becalculated within ourform alism by introducing the

O (1=m Q )term sin theLagrangian in HQET.

Forobtaining QCD sum rulesin theHQET westudy thecorrelator

�
�1����j;�1����j

j;P;i (k)= i

Z

d
4
xe

ik�x
h0jT

�

J
�1����j

j;P;i (x)J
y�1����j

j;P;i (0)
�

j0i: (18)

From (8),ithasthefollowing form attheleading order

�
�1����j;�1����j

j;P;i (k)= (�1)j S g
�1�1
t � � � g

�j�j
t � j;P;i(!); (19)

where! = 2v� k and �j;P;i(!)= � P;jl
(!)isindependentofj.

W e shallcon�ne us to the leading order term s in this article. The contribution to

� P;jl
(!)ofthepoleterm on thehadron sideis

f2P;jl

2��� !
:

On the quark-gluon side ofthe sum rule,� P;jl
(!) is calculated with the leading order

Lagrangian L0 in the HQET.The Feynm an diagram scontributing to (18)are shown in

Fig 1. Forthe sake ofsim plicity we consider the doublets (0+ ;1+ ) and (1+ ;2+ ) in the

following.

According to (5a)and (5b),therearetwo possiblechoicesforcurrentsforthedoublet

(0+ ;1+ ),either

J
y

0;+ ;2 =
1
p
2
�hvq; (20)

J
y�

1;+ ;2 =
1
p
2
�hv


5


�
tq; (21)

or
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J
0y

0;+ ;2 =
1
p
2
�hv(�i)6D tq; (22)

J
0y

1;+ ;2 =
1
p
2
�hv


5


�
t(�i)6D tq: (23)

Sim ilarly,therearetwo possiblechoicesforthecurrentsforthedoublet(1+ ;2+ ).Oneis

J
y�

1;+ ;1 =

s

3

4
�hv


5(�i)

�

D
�
t �

1

3


�
t 6D t

�

q; (24)

J
y�1;�2
2;+ ;1 =

s

1

2
�hv
(�i)

2
(
�1t D

�2
t + 


�2
t D

�1
t � 2g�1�2t 6D t)q: (25)

Anotherchoiceisobtained by adding a factor�i6D t to (24)and (25).Notethat,without

the lastterm in the bracketin (24)the currentwould couple also to the 1+ state in the

doublet(0+ ;1+ )even in thelim itofin�nitem Q .

Usually,the currentswith the leastnum berofderivatives are used in the QCD sum

ruleapproach.Thesum ruleswith them havebetterconvergencein thehigh energyregion

and often havebetterstability.However,thereisam otivation forusing thecurrents(22),

(23) for the doublet (0+ ;1+ ). In the non-relativistic quark m odel,which usually gives

correctordering ofenergy levelsofhadron states,the doublets(0+ ;1+ )and (1+ ;2+ )are

orbitalp-wave stateswhich correspond to onederivative in thespace wave functions.In

fact,asm entioned above,thecoupling constantforthecurrents(22),(23)isproportional

to 	 2 in (2)and thatforthe currents (24),(25)is proportionalto �1 in (1)which are

the largecom ponentsin the non-relativistic approxim ation.Therefore,we shallconsider

both thecurrents(20),(21)and (22),(23)forthedoublet(0+ ;1+ ).

Firstweconsiderthedoublet(0+ ;1+ ).Forthecorrelator

� 0;+ ;2 = i

Z

d
4
xe

ik�x
h0jT

�

J
0
0;+ ;2(x)J

0y

0;+ ;2(0)
�

j0i; (26)

whereJ00;+ ;2 isthecurrentconjugateto(22),thesum rulesaftertheBoreltransform ation

isfound to be

f
2
e
�2 ��=T =

3

26�2

Z !c

0

!
4
e
�!=T

d! �
1

24
m

2

0h�qqi; (27)

��=

3

23�2

Z !c

0

!
5
e
�!=T

d!

3

4�2

Z !c

0

!
4
e
�!=T

d! � m
2

0
h�qqi

: (28)

In the above sum rule we have con�ned usto term soflowestorderin perturbation and

operatorsofdim ension lessthan six.
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Thecorrelatorofthe1+ currentJ01;+ ;2 (23)and itsconjugatehastheform

�
��

1;+ ;2 = i

Z

d
4
xe

ik�x
h0jT

�

J
0�

1;+ ;2(x)J
0y�

1;+ ;2(0)
�

j0i= �g
��
t � 1;+ ;2(!): (29)

W e�nd for� 1;+ ;2(!)theidenticalsum ruleasthatfor� 0;+ ;2(!),asitshould be.

Thecorresponding form ula when thecurrentJ0;+ ;2 and J1;+ ;2 in (20)and (21)areused

instead ofJ00;+ ;2 and J
0
1;+ ;2 arethefollowing

f
2
e
�2 ��=T =

3

16�2

Z !c

0

!
2
e
�!=T

d! +
1

2
h�qqi�

1

8T2
m

2

0
h�qqi; (30)

��=

3

24�2

Z !c

0

!
3
e
�!=T

d! +
m 2

0

4T
h�qqi

3

23�2

Z
!c

0

!
2
e
�!=T

d! + h�qqi�
1

4T2
m

2

0h�qqi

(31)

Thecorrelatorsforthe(1+ ;2+ )doublethavetheform

�
�;�

1;+ ;1(k)= �g
��
t � + ;jl= 3=2

(!); (32)

�
�1�2;�1�2
2;+ ;1 (k)=

1

2

�

g
�1�1
t g

�2�2
t + g

�1�2
t g

�2�1
t �

2

3
g
�1�2
t g

�1�2
t

�

� + ;jl= 3=2
(!): (33)

W hen thecurrents(24)and (25)areused thesum rulesforthisdoubletarefound to be

f
2
e
�2 ��=T =

1

26�2

Z !c

0

!
4
e
�!=T

d! �
1

12
m

2

0
h�qqi�

1

25
h
�s

�
G
2
iT ; (34)

��=

1

25�2

Z !c

0

!
5
e
�!=T

d! �
1

24
h
�s

�
G
2
iT

2

1

24�2

Z !c

0

!
4
e
�!=T

d! �
m 2

0

3
h�qqi�

1

23
h
�s

�
G
2
iT

: (35)

Heretheh
�s

�
G 2iterm com esfrom thediagram (c)in Fig.1which vanishesforthedoublet

(0+ ;1+ ).

From (28),(31)and (35)weobtain curvesshown in Fig.2a,b,c.Forthe�rsttwo cases

stability windowsexistwhen !c liesin theinterval2:4 to 2:9 GeV;forthelastone!c lies

in the interval2:7 to 3:2 GeV.Im posing usualcriterium forthe upperand lowerbounds

ofthe Boreltransform param eterT we found approxim ately the sam e stability window

0:7{0:9 GeV.Theresultsfor �� forthreecasesarethefollowing

��(1=2
+
)= 1:05� 0:05 GeV; (36)

forthedoublet(0+ ;1+ )when thecurrents(20),(21)withoutthederivativeisused.
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��(1=2
+
)= 0:90� 0:10 GeV; (37)

forthesam edoubletwhen thecurrents(22),(23)with thederivativeisused.

��(3=2
+
)= 0:95� 0:10 GeV; (38)

forthedoublet(1+ ;2+ ).

The predicted m assvalue forthe doublet(0+ ;1+ )in (36)issom ewhatdi�erentfrom

thatin (37). The value in (36)isin agreem entwith the resultof[7]in which the sam e

currents as (20) and (21) are used. (36) predicts a m ass value ofthe doublet (0+ ;1+ )

slightly higherthan them assvalueofthedoublet(1+ ;2+ )predicted in (38).On theother

hand,(37) gives a m ass value for the doublet (0+ ;1+ ) approxim ately equalor slightly

lowerthan thatforthedoublet(1+ ;2+ )in (38).Though (36)and (37)can beconsidered

asconsistentwithin theuncertainties,(37)indicatesthattheQCD sum ruleapproach can

incorporate a m assvalue for(0+ ;1+ )lowerthan thatfor(1+ ;2+ ). Thisisin agreem ent

with quark m odelpredictionsin [11]and [3].By contrast,we have also derived the sum

rulefortheground statedoublet(0� ;1� )with thecurrentswith theextraderivative�i6D .

W efound thatthereisno acceptablestability window forthissum rule.

Finally,we would like to addressthe following pointsofthispaper. The resultsfrom

ourpreviousworkonB-Swavefunctionsareused onlyfor�ndingtheappropriatecurrents.

Oncethesecurrentsaregiven,thecalculationsin QCD sum rulesareindependentofthe

consideration ofthe B-S equation. Thatthe currentsused are appropriate waschecked

by proving (11)with directcalculationsin term sofquark-gluon �eldsin HQET without

referring to the B-S wave functions. Assum ing duality and inserting interm ediate heavy

m eson statesbetween J and Jy in (11),thisequation also strongly suggestsequation (7)

which isthe directstatem entthatthe currentscreate pure stateswith de�nite valuesof

j,P and jl.
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Figure C aptions

Fig. 1. Feynm an diagram s contributing to the sum rule. There is no

Fig (c)when thecurrents(20)(21)are used.

Fig.2.Dependence of�� on the Borelparam eterT fordi�erentvalues

ofthe continuum threshold !c. (a)(b) for (0+ ;1+ ) doublet with the

interpolating currents (22) (23) and (20) (21) used respectively. From

top to bottom the curvescorrespond to (a)!c = 2:8;2:6;2:4 G eV and

(b)!c = 2:9;2:65;2:4G eV.(c)fordoublet(1+ ;2+ ).From top tobottom

the curvescorrespond to !c = 3:1;2:9;2:7 G eV respectively.
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