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A bstract

W e present a phase-space analysis ofcosm ology containing m ultiple scalar �elds with a

positiveornegativecross-coupling exponentialpotential.W eshow thatthereexistpower-

law kinetic-potential-scaling solutionsfora su�ciently 
atpositivepotentialorfora steep

negativepotential.Theform eristheunique late-tim eattractor,butitisdi�cultto yield

assisted in
ation.Thelaterisneverstablein an expanding universe.M oreover,fora steep

negativepotentialthereexistsa kinetic-dom inated regim ein which each solution isa late-

tim e attractor. In the presence ofordinary m atterthese scaling solutionswith a negative

cross-coupling potentialare found unstable. W e brie
y discussthe physicalconsequences

oftheseresults.
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1 Introduction

Scalar�eld cosm ologicalm odelsare ofgreatim portance in m odern cosm ology. The dark

energy isattributed to thedynam icsofa scalar�eld,which convincingly realizesthe goal

ofexplaining currentaccelerating expansion ofuniversegenerically using only attractorso-

lutions[1].Furtherm oreascalar�eld can drivean accelerated expansion and thusprovides

possiblem odelsforcosm ologicalin
ation in theearly universe[2].In particular,therehave

been anum berofstudiesofspatially hom ogeneousscalar�eld cosm ologicalm odelswith an

exponentialpotential.They arealready known to haveinteresting properties;forexam ple,

ifonehasauniversecontaining aperfect
uid and such ascalar�eld,then fora widerange

ofparam etersthe scalar�eld m im ics the perfect
uid,adopting itsequation ofstate [3].

These scaling solutions are attractors at late tim es [4]. The in
ation m odels and other

cosm ologicalconsequencesofm ultiplescalar�eldshavealso been considered [5,6].

The scale-invariantform m akesthe exponentialpotentialparticularly sim ple to study

analytically. There are well-known exact solutions corresponding to power-law solutions

for the cosm ologicalscale factor a / tp in a spatially 
at Friedm ann-Robertson-W alker

(FRW )m odel[7].M oregenerally thecoupled Einstein-Klein-Gordon equationsfora single

�eld can be reduced to a one-dim ensionalsystem which m akesitparticularly suitable for

a qualitative analysis[8,9].Recently,adopting a system ofdim ensionlessdynam icalvari-

ables [10],the cosm ologicalscaling solutions with positive or negative exponentials have

been studied [11].In generaltherearem any scalar�eldswith exponentialpotentialsin su-

pergravity,superstring and thegeneralized Einstein theories,thusm ultiplepotentialsm ay

be m ore interesting. In the previous paper[12],W e studied the stability ofcosm ological

scalingsolutionsin an expanding universem odelwith m ultiplescalar�eldswith positiveor

negative exponentialpotentials. A phase-space analysisofthe spatially 
atFRW m odels

showsthatthereexistcosm ologicalscaling solutionswhich aretheuniquelate-tim eattrac-

torsand successfulin
ationary solutionsdriven by m ultiplescalar�eldswith a widerange

ofeach potentialslopeparam eter�.Itisassum ed thatthereisno directcoupling between

potentials. M ultiple cross-coupling exponentialpotentialsarise in m any occasions,forin-

stance,from com pacti�cationsofvacuum Einstein gravity on productspaces[13]. Indeed

they area naturaloutcom eofthecom pacti�cation ofhigherdim ensionaltheoriesdown to

3+1 dim ensions. W ith thisin m ind itisworth investigating such potentialin a bitm ore

detail.

In thispaper,we �rststudy a system ofdim ensionlessdynam icalvariablesofm ultiple

scalar�eldswith apositiveornegativecross-coupling exponentialpotential.W eobtain the

scaling solutionsand analyzetheirstability.Therestillexistcosm ologicalscaling solutions

which are the unique late-tim e attractors. In this m odelwe then introduce a barotropic


uid to thesystem .W ediscussthephysicalconsequencesoftheseresults.
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2 C ross-coupling ExponentialPotential

W econsidern scalar�elds�i with a cross-coupling potential

V = V0exp

 

�

nX

i= 1

�i��i

!

; (1)

where�2 � 8�G N isthegravitationalcoupling and �i aredim ensionlessconstantscharac-

terising the slope ofthe potential. Furtherwe assum e all�i � 0 since we can m ake them

positive through �i ! ��i ifsom e ofthem are negative. The evolution equation ofeach

scalar�eld fora spatially 
atFRW m odelwith Hubbleparam eterH is

��i+ 3H _�i� �i�V = 0; (2)

subjectto theFriedm ann constraint

H
2 =

�2

3

 
nX

i= 1

1

2
_�2i + V

!

: (3)

De�ning (n + 1)dim ensionlessvariables

xi=
� _�i
p
6H

; y =
�

q

jV j
p
3H

; (4)

theevolution equations(2)can bewritten asan autonom oussystem :

x
0
i = �3xi

0

@ 1�

nX

j= 1

x
2

j

1

A � �i

s

3

2
y
2
; (5)

y
0 = y

nX

j= 1

0

@ 3x2j � �j

s

3

2
xj

1

A ; (6)

where a prim e denotes a derivative with respect to the logarithm ofthe scalar factor,

N � lna,and theconstraintequation (3)becom es

nX

i= 1

x
2

i � y
2 = 1: (7)

Throughoutthis paper we willuse upper/lower signs to denote the two distinct cases of

�V0 > 0. x2i m easuresthe contribution to the expansion due to the �eld’skinetic energy

density,while �y2 represents the contribution ofthe potentialenergy. W e willrestrict

ourdiscussion ofthe existence and stability ofcriticalpointsto expanding universeswith

H > 0,i.e.,y � 0.Criticalpointscorrespond to �xed pointswherex0i= 0 and y0= 0,and

thereareself-sim ilarsolutionswith

_H

H 2
= �3

nX

i= 1

x
2

i: (8)
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Thiscorrespondsto an expanding universe with a scalefactora(t)given by a / tp,where

p=
1

3
P n

i= 1x
2
i

: (9)

The system (5) and (6) has at m ost one n-dim ensionalsphere S em bedded in (n + 1)-

dim ensionalphase-space corresponding to kinetic-dom inated solutions,and a �xed point

A,which isa kinetic-potential-scaling solution listed in Table1.

In order to study the stability ofthe criticalpoints,using the Friedm ann constraint

equation (7)we�rstreduceEqs.(5)and (6)to n independentequations

x
0
i=

0

@ �i

s

3

2
� 3xi

1

A

0

@ 1�

nX

j= 1

x
2

j

1

A : (10)

Substituting linearperturbationsxi ! xi+ �xi aboutthe criticalpointsinto Eqs.(10),to

�rst-orderin theperturbations,givesequationsofm otion

�x
0
i= �2

0

@ �i

s

3

2
� 3xi

1

A

nX

j= 1

(xj�xj)� 3

0

@ 1�

nX

j= 1

x
2

j

1

A �xi; (11)

which yield n eigenvalues m i. Stability requires the realpart of alleigenvalues being

negative.

S:
P n

i= 1x
2
i = 1,y = 0. These kinetic-dom inated solutions always exist for any form

of the potential, which are equivalent to sti�-
uid dom inated evolution with a / t1=3

irrespective ofthenatureofthepotential.Then Eqs.(11)becom e

�x
0
i= �2

0

@ �i

s

3

2
� 3xi

1

A

nX

j= 1

(xj�xj);

which yieldn eigenvalues:oneofthem ,saym 1,doesnotvanish,m 1 = �
p
6(
P

n
i= 1�ixi�

p
6);

the rem ains ofthem vanish. Thus the solutions are m arginally stable for
P

n
i= 1(�ixi) >p

6. For the specialcase �i = �,using the constraint equation (7) we �nd
p
6=(n�) <

P n
i= 1xi=n � (

P n
i= 1x

2
i=n)

1=2 = 1=
p
n. That is,ifeach scalar �eld has an identical-slope

potential,thereexiststablepointsonly for�2 > 6=n.

A: xi =
�ip
6
,y =

q

�(1� 1

6

P n
i= 1�

2
i). The potential-kinetic-scaling solution exists for

su�ciently 
at
P n

i= 1�
2
i < 6 positive potentials orsteep

P n
i= 1�

2
i > 6 negative potentials.

Thepower-law exponent,p= 2P n

i= 1
�2
i

,dependson param eter�i.From Eqs.(11)we�nd the

eigenvalues

m i= �
1

2

0

@ 6�

nX

j= 1

�
2

j

1

A :
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Label xi y Existence Stability

S
P n

i= 1x
2
i = 1 0 all�i stable

P n
i= 1(�ixi)>

p
6

A +
�ip
6

r

(1�
P n

i= 1

�2
i

6
)

P n
i= 1�

2
i < 6,V > 0 stable

A �
�ip
6

r

(
P n

i= 1

�2
i

6
� 1)

P n
i= 1�

2
i > 6,V < 0 unstable

Table1:Thepropertiesofthecriticalpointsin a spatially 
atFRW universecontaining n

scalar�eldswith thecross-coupling exponentialpotential.

Thus the scaling solution isalways stable when thispointexists fora positive potential,

which correspondsto the power-law in
ation in an expanding universe when
P n

i= 1�
2
i < 2.

However,thissolution isunstablefora negativepotential.

The di�erentregionsof�i param eterspace lead to di�erentqualitative evolution. As

an exam ple we considerthe cosm ologiescontaining n scalar�eldswith the cross-coupling

potential�i = �. For the su�ciently 
at (� 2 < 6=n) positive potential,these kinetic-

dom inatedsolutionsareunstableandthekinetic-potential-scalingsolutionisthestablelate-

tim e attractor. Hence generic solutionsstartin the form erand approach the lateratlate

tim es.Forthesteep (�2 > 6=n)positive potential,there existsa stablekinetic-dom inated

regim e,in which each pointsarethe late-tim e attractors.Hence generic solutionsstartin

kinetic-dom inated solution and approach the stable regim e.Forthe 
atsu�ciently (� 2 <

6=n) negative potential,only these kinetic-dom inated solutions exist which are unstable

scaling solutions.Forthesteep (�2 > 6=n)negativepotential,thekinetic-potential-scaling

solution is unstable and there exists a stable kinetic-dom inated regim e. Hence generic

solutionsstartin a kinetic-dom inated regim e orthe kinetic-potential-scaling solution and

approach thestablekinetic-dom inated regim eatlatetim es.

3 Plus a B arotropic Fluid

W e now consider m ultiple scalar �elds with the cross-coupling potential(1) evolving in

a spatially 
at FRW universe containing a 
uid with barotropic equation ofstate P 
 =

(
 � 1)�
,where 
 isa constant,0 < 
 � 2,such asradiation (
 = 4=3)ordust(
 = 1).

Theevolution equation forthebarotropic
uid is

_�
 = �3H (�
 + P
); (12)

subjectto theFridem ann constraint

H
2 =

�2

3

 
nX

i= 1

1

2
_�2i + V + �


!

: (13)
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W e de�ne anotherdim ensionlessvariable z �
�
p
�


p
3H
. The evolution equations(2)and (12)

can then bewritten asan autonom oussystem :

x
0
i = �3xi

0

@ 1�

nX

j= 1

x
2

j �



2
z
2

1

A � �i

s

3

2
y
2
; (14)

y
0 = y

0

@ 3

nX

i= 1

x
2

i +
3


2
z
2 �

s

3

2

nX

i= 1

�ixi

1

A ; (15)

z
0 =

3

2
z

 

�
 + 2

nX

i= 1

x
2

i + 
z
2

!

; (16)

and theconstraintequation becom es

nX

i= 1

x
2

i � y
2 + z

2 = 1: (17)

Criticalpointscorrespond to �xed pointswhere x0i = 0,y0= 0 and z0 = 0,and there are

self-sim ilarsolutionswith
_H

H 2
= �3

nX

i= 1

x
2

i �
3


2
z
2
: (18)

Thiscorrespondsto an expanding universe with a scalefactora(t)given by a / tp,where

p=
2

6
P

n
i= 1x

2
i + 3
z2

: (19)

The system (14)-(16) has at m ost one n-dim ensional sphere S em bedded in (n + 2)-

dim ensional phase-space corresponding to kinetic-dom inated solutions, a �xed point A

which is a kinetic-potential-scaling solution,a �xed point B which is a 
uid-dom inated

solution,and a �xed point C which is a 
uid-potential-kinetic-scaling solution listed in

Table2.

S:
P n

i= 1x
2
i = 1,y = 0,z = 0. These kinetic-dom inated solutionsalwaysexistforany

form ofthepotential,which areequivalentto sti�-
uid dom inated evolution with a / t1=3

irrespectiveofthenatureofthepotential.Thelinearization ofsystem (14)-(16)aboutthese

�xed pointsyields

�x
0
i = �2

0

@ �i

s

3

2
� 3xi

1

A

nX

j= 1

(xj�xj);

�z
0 =

3

2
(2� 
)�z;

which indicatethatthesolutionsarem arginally stablefor
P n

i= 1(�ixi)>
p
6and asti�
uid


 = 2.
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A: xi =
�ip
6
,y =

q

�(1� 1

6

P n
i= 1�

2
i),z = 0. The potential-kinetic-scaling solution

exists for su�ciently 
at
P n

i= 1�
2
i < 6 positive potentials or steep

P n
i= 1�

2
i > 6 negative

potentials. The power-law exponent,p = 2P
n

i= 1
�2
i

,depends on the slope ofthe potential.

Thelinearization ofsystem (14)-(16)aboutthiscriticalpointyields(n + 1)eigenvalues

m i = �
1

2

0

@ 6�

nX

j= 1

�
2

j

1

A ;

m z = �
1

2

0

@ 3
 �

nX

j= 1

�
2

j

1

A :

Thusthescaling solution isstablefora positivepotentialwith
P n

i= 1�
2
i < 3
,which corre-

spondsto thepower-law in
ation in an expanding universe when
P n

i= 1�
2
i < 2.

B : xi = 0,y = 0,z = 1. The 
uid-dom inated solution exists for any form ofthe

potential,corresponding to a power-law solution with p= 2=3
.

�x
0
i = �3�xi+ (3
 �

p
6�i)�z;

�z
0 = 3
�z;

which indicatethatthesolution isneverstable.

C: xi =
q

3

2


�iP n

j= 1
�2
j

,y =

r
3

2

(2�
)
P n

i= 1
�2
i

,z =

r

1�
3
P n

i= 1
�2
i

. The 
uid-potential-kinetic-

scaling solution existsfora positivepotentialwith
P n

i= 1�
2
i > 3
.Thepower-law exponent,

p= 2=3
,isidenticaltothatofthe
uid-dom inatedsolution,dependsonlyonthebarotropic

index 
 and is independent ofthe slope �i ofthe potential. The linearization ofsystem

(14)-(16)aboutthe�xed pointyields

�x
0
i = 3(2� 
)xi

nX

j= 1

(xj�xj)� 3

0

@ (1�



2
)(1�

nX

j= 1

x
2

j)+



2
y
2

1

A �xi

+(
p
6�i� 3
xi)y�y;

�y
0 = 3(2� 
)y

nX

j= 1

(xj�xj)�

s

3

2
y

nX

j= 1

(�j�xj)

+

0

@
3

2
(2� 
)

nX

j= 1

x
2

j �

s

3

2

nX

j= 1

(�jxj)+
3


2
�
9


2
y
2

1

A �y;

which yield (n+1)eigenvalues

m 1 = �
3(2� 
)

4

0

@ 1+

v
u
u
t 1�

8
(
P

n
i= 1�

2
i � 3
)

P n
i= 1�

2
i(2� 
)

1

A ;

m 2 = �
3(2� 
)

4

0

@ 1�

v
u
u
t 1�

8
(
P

n
i= 1�

2
i � 3
)

P n
i= 1�

2
i(2� 
)

1

A ;
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Label xi y z Existence Stability

S
P n

i x
2
i = 1 0 0 all�i;
 stable
 = 2,

P
n
i(�ixi)>

p
6

A +
�ip
6

r

(1�
P n

i

�2
i

6
) 0

P n
i �

2
i < 6 stable(

P n
i �

2
i < 3
)

A �
�ip
6

r

(
P n

i

�2
i

6
� 1) 0

P n
i �

2
i > 6 unstable(V < 0)

B 0 0 1 all�i;
 unstable

C
q

3

2


�iP
n

j
�2
j

r
3

2

(2�
)
P
n

i
�2
i

r

1� 3
P
n

i
�2
i

P n
i �

2
i > 3
 stable(V > 0)

Table2:Thepropertiesofthecriticalpointsin a spatially 
atFRW universecontaining n

scalar�eldswith thecross-coupling exponentialpotentialplusa barotropic
uid.

m 3 = � � � = mn+ 1 = �
3

2
(2� 
):

Thusthescaling solution isstablefora positivepotentialwith
P

n
i= 1�

2
i > 3
.

The di�erentregionsin the (
;�i)param eterspace lead to di�erentqualitative evolu-

tion. Forthe su�ciently 
at(
P n

i= 1�
2
i < 3
)positive potential,S,A and B exist. Point

A isthe stable late-tim e attractor. Hence generic solutions begin in a kinetic-dom inated

regim e or at the 
uid-dom inated solution and approach the kinetic-potential-scaling so-

lution at late tim es. For the interm ediate (3
 <
P n

i= 1�
2
i < 6) positive potential, all

criticalpoints exist. Point C is the stable late-tim e attractor. Hence generic solutions

start in a kinetic-dom inated regim e, at the kinetic-potential-scaling solution or at the


uid-dom inated solution and approach the stable 
uid-kinetic-potential-scaling solution.

For the steep (
P n

i= 1�
2
i > 6) positive potential,S,B and C exist. Point C is the sta-

ble late-tim e attractor. Hence generic solutionsstartin a kinetic-dom inated regim e orat

the 
uid-dom inated solution and approach the stable 
uid-kinetic-potential-scaling solu-

tion. For the su�ciently 
at (
P

n
i= 1�

2
i < 3
) negative potential,the kinetic-dom inated

solution S and the 
uid-dom inated solution B exist,which are unstable. For the inter-

m ediate (3
 <
P n

i= 1�
2
i < 6)negative potential,the kinetic-dom inated solution S and the


uid-dom inated solution B exist,which areunstable.Forthesteep (
P n

i= 1�
2
i > 6)negative

potential,S,A and B exist.PointA isthestablelate-tim eattractor.Hence genericsolu-

tionsstartin a kinetic-dom inated regim eoratthe
uid-dom inated solution and approach

thestablekinetic-potential-scaling solution atlatetim es.

7

ch
in

aX
iv

:2
01

70
9.

00
14

2v
1



4 C onclusions and D iscussions

W ehavepresented aphase-spaceanalysisoftheevolution foraspatially 
atFRW universe

containing n scalar�eldswith a positive ornegative cross-coupling exponentialpotential.

In particular,for the �i = � case,we �nd that in the expanding universe m odelwith a

su�ciently 
at (� 2 < 6=n) positive cross-coupling potentialthe only power-law kinetic-

potential-scaling solution isthe late-tim e attractor. Itism ore di�cultto obtain assisted

in
ation in such m odelssince the �eldswith cross-coupling exponentialpotentialtend to

conspiretoactagainstoneanotherratherthan assisteach other.However,steep (�2 > 6=n)

negative cross-coupling potentialhas kinetic-dom inated solutions with a / t1=3,som e of

which are the late-tim e attractors. Itcan be known thatthe kinetic energy ofeach �eld

tendsto beequalvia theire�ecton theexpansion atlatetim es.

Then wehaveextended thephase-spaceanalysisoftheevolution to a realisticuniverse

m odelwith a barotropic
uid plusn scalar�eldswith a positiveornegativecross-coupling

exponentialpotential.W ehave shown thatforthesu�ciently 
at(
P n

i= 1�
2
i < 3
)positive

cross-couplingpotential,thekinetic-potential-scalingsolution isthestablelate-tim eattrac-

tor.Theenergy density ofthescalar�eldsdom inatesatlatetim es.M oreover,forthesteep

(
P n

i= 1�
2
i > 6)positive cross-coupling potential,the 
uid-kinetic-potential-scaling solution

isthestablelate-tim eattractor.However,anegativecross-coupling potentialhasnostable

scaling solutions.
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